Abstract: In this note, we study finite groups possessing exactly one nonlinear non-faithful irreducible character. Our main result is to classify solvable groups that satisfy this property. Also, we give examples to show that these groups need not to be solvable in general.
Introduction
In [2] , Iranmanesh and the author studied a finite group with a unique nonlinear non-faithful irreducible character. In this note, we completely classify solvable groups with this property. Also, we negatively answer a conjecture posed in [2] , which asks whether or not a group with a unique nonlinear non-faithful irreducible character is necessarily solvable. If K is the kernel of the unique nonlinear non-faithful irreducible character of G, then we say that K is the U-kernel of G and that the pair (G K ) satisfies the condition ( * ) (or G satisfies ( * ) whenever K is not involved). By the results of [2] , the U-kernel of G is a minimal normal subgroup. Furthermore, G does not contain any other minimal normal subgroups, except possibly G . According to an old paper of Seitz [3] , if H has only one nonlinear irreducible character, then H is either an extra-special 2-group or a Frobenius group of order ( − 1), where is a prime power. Also in this case, the Frobenius kernel and complement of H are both abelian. We call a group with a unique nonlinear irreducible character a Seitz group. In this paper, we classify solvable groups that satisfy ( * ). Throughout the paper, all groups are finite. A monolith is a group with a unique minimal normal subgroup. Denote by Φ(G) and Fit(G) the Frattini subgroup and the Fitting subgroup of G, respectively. If for a -group G, Φ(G), Z (G) and G coincide, then we say that G is a special -group. Let H and K be groups and H acts on K via automorphisms. Let G be an extension of H by K with respect to this action. Then we write G ∼ = H ρ K , where ρ : H → Aut(K ) is the automorphism representation of the action. We may view H and K as subgroups of G such that H ∩ K = 1, K ¢ G and H acts on K by conjugation. So we simply write G = H K . Recall that the action is called non-trivial if [H K ] = 1, i.e. G is not a direct product of H and K . If 1 and K are the only H-invariant subgroups of the abelian group K with respect to the action, then we say that the action is irreducible. It is straightforward to show that the action is irreducible if and only if K is a minimal normal subgroup of G, or equivalently, H is a maximal subgroup of G. The greatest normal -subgroup of G is denoted by O (G). We are now ready to state the main result of this paper. 
and G is of order 16 and nilpotency class 3.
( 
is a -group and the action of H on G is non-trivial,
(b) H is a cyclic group of order |G : Φ(G)| − 1, (c) G /K is a chief factor of G, (d) O (G) = 1.
Preliminaries
In this section, we state facts which are vital to prove the main theorem of this paper. Unproved results are either well-known or straightforward.
Lemma 2.1.
Let G be a solvable group. Then Φ(G) < Fit(G).
Lemma 2.2.
Let G be a group with a minimal normal subgroup K . If Φ(G) = 1, then G splits over K .
Theorem 2.3 (Gaschütz's Theorem, [1, 10.4]).

Let G be a group and assume that P is a Sylow -subgroup of G. If K is an abelian subgroup of P and K G, then G splits over K if and only if P splits over K .
Theorem 2.4 (Schur-Zassenhaus Theorem, [1, 18.1]).
Let G be a group and assume that H is a Hall normal subgroup of G. Then G splits over H.
Lemma 2.5 ([2, Lemma 3.6]).
Let G be a non-nilpotent group and let K be a normal subgroup of G. Then the pair (G K ) satisfies the condition ( * ) if and only if all the following conditions hold:
• K is maximal with the property that G/K is not abelian.
• K is a minimal normal subgroup of G and G has no other minimal normal subgroups except possibly G .
• G/K is solvable of order ( − 1), for a prime power .
Lemma 2.6.
Assume that the pair (G K ) satisfies the condition ( * ). Then K is the only non-trivial normal subgroup of G, not containing G .
Proof. Let N be a non-trivial normal subgroup of G, not containing G . Then we may choose a nonlinear irreducible character χ of G/N. Hence N ≤ ker χ and in particular, χ is a nonlinear non-faithful irreducible character of G. As G satisfies the condition ( * ), one deduces that K = ker χ. Since by Lemma 2.5, K is a minimal normal subgroup of G, we conclude that N = K , as claimed.
Proposition 2.7.
Assume that G satisfies the condition ( * ). If G is nilpotent, then it is indeed a -group. Moreover, G is either abelian or special.
Proof. Assume by contradiction that and are distinct prime divisors of |G |. Let P and Q be the Sylow -subgroup and the Sylow -subgroup of G , respectively. Then P and Q are non-trivial normal subgroups of G, which are properly contained in G . Hence by Lemma 2.6, P = Q and this is clearly a contradiction. Now suppose that G is not abelian. Then G Φ(G ) and Z (G ) are proper normal subgroups of G, not containing G . So these subgroups coincide by Lemma 2.6. That is, G is a special -group.
Proof of Theorem 1.1
In this section we prove the main result of this paper. Also, we give examples of non-solvable groups with only one nonlinear non-faithful irreducible character. According to [2, Corollary 2.4 and Theorem 3.2], G is a -group or a directly decomposable group if and only if G satisfies either of the statements (i) or (ii) of Theorem 1.1. In the next three lemmas, we assume that G is directly indecomposable, non-nilpotent and solvable. Proof. Let K be the U-kernel of G. Since G is not nilpotent, then it is not contained in the Fitting subgroup of G, and Lemma 2.6 yields G = K = Fit(G). Thus by Lemma 2.1, Φ(G) = 1. Hence Lemma 2.2 implies that G splits over K . Consequently, G = H K for a subgroup H of G. Observe that H ∼ = G/K is a Seitz group. Now we note that K = Z (G ). Therefore, H = G /K is not nilpotent, which implies that H is not nilpotent.
Lemma 3.2.
If G satisfies the condition ( * ) and G is not a monolith, then G is in case (iv) of Theorem 1.1.
Proof. Since G is not a monolith, then by Lemma 2.5, G and the U-kernel K of G are the only minimal normal subgroups of G. As G ∩ K = 1, one deduces that K is central. In particular, Z (G) = 1. Next we show that Φ(G) is also non-trivial. Indeed if Φ(G) = 1, then by Lemma 2.2, G splits over K . Since K is central, one derives that K is a direct factor of G, contradicting our assumption that G is directly indecomposable. So, both Z (G) and Φ(G) are non-trivial.
Also neither Z (G) nor Φ(G) contain G , for G is not nilpotent. Thus by Lemma 2.6, Z (G) and Φ(G) coincide with the U-kernel of G. As Z (G) is a minimal normal subgroup, we must have |Z (G)| = , a prime. Also by [2, Lemma 3.5], G/Z (G) is a Seitz group of order ( − 1), for a prime and a positive integer . Let H/Z (G) be a Frobenius complement of G/Z (G). Then, G = G Z (G)H and |H| = ( − 1). Also we may write
Therefore, H ∩ G ≤ Z (G). If the equality holds, then Z (G) ≤ G which is a contradiction. Hence, H ∩ G = 1 and we get G = G H. Since G is a minimal normal subgroup of G, we conclude that the action is irreducible. Next, we show that | − 1. If = , then G Z (G) is a Sylow -subgroup of G. Also, it is clear that G Z (G) splits over Z (G). So by Theorem 2.3, G splits over Z (G) which is impossible. Also, if = and − 1, then Theorem 2.4 implies that G splits over Z (G) which is again a contradiction. Hence | − 1. To complete the proof, we only need to show that H is abelian. To see this, observe that H/Z (G) is cyclic, for it is an abelian Frobenius complement. Hence H is abelian, as required. 
Example 3.4.
The group SL(2 3) satisfies Theorem 1.1 (v). However, we could not find any other examples of such groups. Also, we were not able to prove that SL(2 3) is the only group of this type (even for the case that the group is centerless).
We are now ready to prove the main theorem of this paper.
Proof of Theorem 1.1. As we mentioned at the beginning of this section, if G is a -group or a directly decomposable group, then G satisfies the condition ( * ) if and only if G is of type (i) or (ii) of Theorem 1.1. So, we may assume that G is a directly indecomposable group and G is not a -group. By Lemmas 3.1, 3.2 and 3.3, it suffices to prove that if G is in case (iii)-(v), then G satisfies the condition ( * ). To this end, we show that the statements of Lemma 2.5 hold in each case.
First we assume that we are in case (iii). Since G/K is a Seitz group, one deduces that (G/K ) is the unique minimal normal subgroup of G/K . Hence, K is maximal with the property that G/K is non-abelian. Next, we show that G is a monolith. Let N be a minimal normal subgroup of G. We claim that N = K . Otherwise, NK /K is a non-trivial normal subgroup of the Frobenius group G/K . On the other hand, (G/K ) is the unique minimal normal subgroup of G/K . Therefore, G ≤ NK . Note that NK is abelian, for N K are minimal normal subgroups of the solvable group G. This forces G to be abelian, contradicting the hypothesis of (iii). Also, the third statement of Lemma 2.5 holds, because G/K is a Seitz group. Therefore, G satisfies the condition ( * ) in this case. Now, assume that we are in case (iv). Since the action is irreducible, we conclude that G is an elementary abelian group of order, say . Assume that |Z (G)| = . If = then by (b), |G| = +1 ( − 1). That is, G Z (G) is a Sylow -subgroup of G. So by Theorem 2.3, G splits over Z (G) = Φ(G) which is impossible. Thus we derive = . Obviously, G and Z (G) are the only minimal normal subgroups of G. Also, |G : K | = |G |(|G | − 1). It remains to show that K is maximal with the property that G/K is non-abelian. Equivalently, we show that (G/Z (G)) is the unique minimal normal
Finally assume that we are in case (v). Certainly, G is the Sylow -subgroup of G. Suppose that L is a minimal normal subgroup of G and L = K . Since O (G) = 1, we get L ≤ G . Therefore, K < K L ≤ G . But, G /K is a chief factor and we have G = L × K . That is, G splits over K . Now, we reach a contradiction by Theorem 2.3. Thus, we have proved that G is a monolith. Also note that |G : K | = |G : Φ(G)|(|G : Φ(G)| − 1). To complete the proof, we only need to show that (G/K ) is the unique minimal normal subgroup of G/K . But this is clear, for G/K is a chief factor of G. Now Lemma 2.5 applies and the proof of the theorem is now completed.
Example 3.5.
Let A be the alternating group on letters. Then it is not difficult to show that for ≥ 5, A A 4 is a non-solvable group with exactly one nonlinear non-faithful irreducible character. We may find more examples of this type by considering the regular wreath product of a non-abelian simple group by a group with only one nonlinear irreducible character.
